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ABSTRACT. Equidistribution of the orbits of points, subvarieties or of periodic points in
complex dynamics is a fundamental problem. It is often related to strong ergodic prop-
erties of the dynamical system and to a deep understanding of analytic cycles, or more
generally positive closed currents, of arbitrary dimension and degree. The later topic in-
cludes the study of the potentials and super-potentials of positive closed currents, their
intersection with or without dimension excess. In this paper, we will survey some results
and tools developed during the last two decades. Related concepts, new techniques and
open problems will be presented.
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1. INTRODUCTION
Let X be a compact Ka¨hler manifold of dimension k with a Ka¨hler form ω on X. We
will use the Riemannian metric on X induced by this Ka¨hler form. Let f be a dominant
meromorphic self-map or self-correspondence on X. Their formal definitions will be
given in the next section. It is useful to notice that in general, f has an indeterminacy set
and then it may not be continuous. By correspondence, we mean a multi-valued map.
The iterate of order n of f is roughly given by fn := f ◦ · · · ◦ f , n times. The adjoint
correspondence is denoted by f−1. Its graph in X × X is obtained as the image of the
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graph of f by the involution (x1, x2) 7→ (x2, x1). In general, correspondences do not
satisfy that f ◦ f−1 is the identity map on X. Define f−n as the iterate of order n of
f−1 which is also the adjoint correspondence of fn. Note that the discussion is already
interesting when f is a meromorphic or holomorphic map but even in this case, f−1 may
not be a meromorphic map but a meromorphic correspondence. So for convenience, we
will work in the correspondence setting.
Periodic points of period n are given by the intersection of the graph Γn of f
n with
the diagonal ∆ of X × X, when we identify ∆ with X in the canonical way. This is an
analytic subset of X. Since dimΓn = dim∆ = k, at least in generic situations, we expect
that Γn ∩ ∆ is of dimension 0, i.e., is a finite set. However, in general, this intersection
may have positive dimension. Let Qn denote the set of isolated periodic points of period
n, i.e., isolated points in the intersection Γn ∩ ∆. We will count the points in Qn with
their multiplicities. Periodic points are fundamental objects in dynamics. Since their
orbits are simple (finite), they help us to understand more complicated orbits. Moreover,
they are strongly related to the topological entropy of the map or correspondence and
to the dependence of the system under a perturbation on the map, see [5, 34] and the
references therein. Here is the first basic question on periodic points.
Problem 1. Estimate the cardinality #Qn of Qn when n goes to infinity.
When the set of periodic points of period n of f is finite, all of them are isolated and
#Qn can be computed using the classical Lefschetz fixed point formula. Equivalently,
this number is equal to the intersection number of the cohomology classes {Γn} and {∆}
associated to Γn and ∆ in X ×X. The computation is then easier in this particular case.
When Γn ∩ ∆ is of positive dimension, it is not clear how to evaluate the contribution
of the components of positive dimension in the last intersection. We will see later the
reason to consider the following question which is a particular case of the last problem.
Problem 1a. Find a good upper bound for #Qn.
More precisely, denote by L(fn) the Lefschetz number for fn which is the intersection
number of the cohomology classes {Γn} and {∆} in X ×X. As mentioned above, this is
the number of periodic points of period n counting with multiplicity, in the case where
these points are all isolated. So in this case, we have
#Qn = L(f
n) := {Γn} ` {∆},
where the last cup-product is the intersection number of the cohomology classes associ-
ated to Γn and ∆. We don’t know if the following property holds in general.
Problem 1b. Do we always have
#Qn ≤ L(f
n) + o(L(fn)) as n goes to infinity ?
Or, find sufficient conditions on f so that this property holds.
A final goal in the dynamical study is to show that, under suitable hypotheses, the
points in Qn are distributed according to a canonical probability measure when n tends
to infinity. One also has to understand the long term behavior of the dynamical system
with respect to this probability measure. This is an analogue to the distribution of torsion
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points on Abelian varieties or other special points in algebraic geometry. Consider the
sequence of probability measures
µn :=
1
#Qn
∑
a∈Qn
δa,
where δa stands for the Dirac mass at a.
Problem 2. Under suitable hypotheses on f , show that µn converges weakly to a canonical
invariant probability measure µ of f . More precisely, for any continuous or smooth test
function φ on X, we have
lim
n→∞
〈µn, φ〉 = 〈µ, φ〉.
Note that if the last convergence holds and if µ has no mass on proper analytic subsets
of X, then periodic points of f are Zariski dense in X. More generally, the ”fatness” of
µ in terms of pluripotential theory is known in several situations presented in the next
sections.
A strategy to solve the last problem is to solve Problem 1a or 1b and then to construct
a good family Qgoodn of isolated periodic points, using tools from dynamics or complex
analysis. This means #Qgoodn is close to an upper bound of #Qn and the points in Q
good
n
are equidistributed along a law canonically associated to the dynamical system. Such a
construction will automatically give us a good lower bound for #Qn. So the question of
lower bound of #Qn is currently not a priority. Here is the type of statement that we will
discuss in detail in the next sections.
Theorem 1.1. Let f be a dominant meromorphic correspondence on a compact Ka¨hler
manifold X. Let Qn be the set of isolated periodic points of period n of f . Then
(1) The cardinality of Qn grows at most exponentially fast with n. Moreover, its expo-
nential rate of growth is bounded from above by the algebraic entropy of f , which
is finite.
(2) In many cases, the points in Qn are asymptotically equidistributed with respect to a
canonical invariant probability measure µ, i.e. the sequence µn converges to µ when
n goes to infinity.
Note that even when f is a holomorphic map, the first statement is new. In general,
when f is a meromorphic map, it is not even continuous and it is not obvious that the
entropy is finite. On the other hand, a surprising recent result by Kaloshin says that, for
smooth non-holomorphic maps, #Qn may grow arbitrarily fast. His result contradicts
the philosophy that the growth of dynamical objects should be controlled by entropy,
which is finite for smooth maps. See [59] for details. However, we still believe that the
philosophy holds for holomorphic, meromorphic maps or correspondences.
A main tool in complex dynamics in higher dimension is pluripotential theory, started
by Lelong-Oka in 1950’s. This is a powerful tool in complex analysis and geometry.
The main objects in this theory are the positive closed currents which are generaliza-
tions of effective algebraic cycles in algebraic geometry. The theory is well developed for
currents of bidegree (1, 1), i.e. currents of hypersurface type. So the first works using
pluripotential theory in several complex variables dynamics were mostly using conver-
gence theorems for plurisubharmonic functions and their strong compactness properties.
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However, unless we assume strong hypotheses on X or f , we need to work with posi-
tive closed currents of arbitrary bidegree. Simultaneously with complex dynamics, which
is becoming quite geometric, the pluripotential theory is also developed. One of our goals
is to elaborate a calculus on spaces of positive closed currents which are compact and
contain the analytic cycles of arbitrary degree. We have to consider the analogue of mov-
able cycles and give estimates on the dimension excess phenomenon, i.e higher dimen-
sional intersection multiplicity. These questions are unavoidable even to understand the
distribution of periodic points of polynomial automorphisms of Ck. So we need mostly
to study the geometric theory for currents which is of an independent interest.
In this paper, we will focus our discussion on Theorem 1.1 and other related equidistri-
bution problems. We will avoid technical points and emphasize the conceptual difficul-
ties and ideas to overcome them, together with the necessary development in the theory
of currents. Basic notions and techniques will be introduced in the next three sections.
In particular, we have seen that the considered problems are related to the cohomology
classes of the graphs of fn and hence to the action of fn on the cohomology onX. Crucial
invariants like dynamical degrees and algebraic entropy will be introduced.
To see the link between the distribution of orbits of varieties and the distribution of
isolated periodic points, let us mention roughly a new strategy to solve Problem 2. The
first step is to consider the current of integration on the graph Γn of f
n, that we denote
by [Γn]. In the interesting cases, the volume of Γn grows to infinity exponentially fast. We
will normalize [Γn] by dividing it by a suitable constant dn and try to show that d
−1
n [Γn]
converges to a positive closed current T in X ×X. Imagine now that T is a generalized
variety of dimension k. Its intersection with ∆ is expected to have zero dimension. The
next step is to show that there is no dimension excess for the last intersection. But here,
we face a deep problem ”how to see the dimension excess of the intersection of a current
with a variety or more generally with another current”? A solution to this problem is
given by our theory of densities of currents that we will briefly report on in Section 3.
The final step is, roughly, to show that
lim
n→∞
d−1n
(
[Γn] ∧ [∆]
)
=
(
lim
n→∞
d−1n [Γn]
)
∧ [∆].
The left hand side of the last identity is the intersection in the sense of currents and
it roughly represents the probability measure µn equidistributed on Qn. The situation
will be more delicate when Γn ∩ ∆ is of positive dimension. We should ”extract” from
the intersection the part of the right dimension. The right hand side is the intersection
of T with ∆ and we expect to get a canonical invariant probability measure of f when
we identify ∆ with X in the canonical way. Proving the last identity is a very difficult
problem in general and uses heavily the dynamical properties of the sequence Γn.
Now, consider the correspondence F (x1, x2) := (f(x1), f
−1(x2)) on X × X. We can
check that
Γn = F
−n/2(∆),
at least in a Zariski open set. The case where n is odd is just a simple technical issue.
Therefore, the convergence in the first step of our approach is directly related to the
equidistribution of the orbits of varieties under the action of F n. Such a convergence can
be proved using similar results for the correspondence f on X.
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The equidistribution of the orbits of varieties will be presented in Section 6. Finally, in
the last section, a list of open problems is given. Some of them require new ideas or new
techniques.
2. MEROMORPHIC MAPS, CORRESPONDENCES AND ALGEBRAIC STABILITY
Let (X,ω) be a compact Ka¨hler manifold of dimension k as above. Let π1 and π2 denote
the canonical projections from X × X to its two factors. Consider an effective k-cycle
Γ =
∑
Γi, where Γi’s are irreducible analytic sets of dimension k in X × X. We only
consider here finite sums and the Γi’s are not necessarily distinct. We assume that the
restriction of π1 to each Γi is surjective.
Definition 2.1. Let Γ be as above. We say that Γ defines a meromorphic correspondence
or self-correspondence f on X and Γ is its graph. More precisely, if A is any subset of X,
we define
f(A) := π2(π
−1
1 (A) ∩ Γ) and f
−1(A) := π1(π
−1
2 (A) ∩ Γ).
We say that f is dominant if the restriction of π2 to each Γi is surjective. In this case, we
also say that f−1 is the adjoint correspondence of f .
Note that when f is dominant, f−1 is also a meromorphic correspondence on X. Its
graph is symmetric to Γ with respect to the diagonal ∆ of X ×X, i.e. the image of Γ by
the involution (x1, x2) 7→ (x2, x1).
Definition 2.2. Let Γ and f be as above. When π1 restricted to Γ is generically 1:1, then
f is a meromorphic map and when it is 1:1, f is a holomorphic map.
From now on, the correspondences we consider are all dominant. We introduce also
two indeterminacy sets
I(f) := {x ∈ X, dim f(x) > 0} and I(f−1) := {x ∈ X, dim f−1(x) > 0}.
They are respectively the indeterminacy sets for f and f−1. It is not difficult to see that
dim π−11 (I(f)) ∩ Γ < k. It follows that dim I(f) ≤ k − 2 and a similar property holds
for I(f−1). If f is a dominant meromorphic map such that I(f) = ∅, then f is a holo-
morphic map. In this case, we can show that I(f−1) is also empty but the property is
true neither for correspondences nor for meromorphic maps. The reader can find in the
papers by Oguiso and Truong [66, 67] some recent examples of dynamically interesting
meromorphic maps.
Consider now two dominant meromorphic correspondences f and f ′ on X. We can
define the correspondence f ′ ◦ f in the following way. Choose a Zariski open set Ω in X
such that for x ∈ Ω the set f(x) is finite. It is not difficult to see that f(Ω) is a Zariski
open set of X. By reducing Ω, we can also assume that f ′(x) is finite for x ∈ f(Ω). We
will define (f ′ ◦ f)(x) as the set f ′(f(x)) for x ∈ Ω. The graph of this multi-valued map
is an effective cycle in Ω × X. Let Γ˜ be the closure of this cycle in X × X which is, by
definition, the graph of the dominant correspondence f ′ ◦ f on X.
The construction of f ′ ◦ f can be obtained in a more geometrical way. Let Γ and Γ′
denote the graphs of f and f ′ in X × X. Consider the product Γ × Γ′ in X4 and let
(x1, x2, x3, x4) denote a point in X
4. Consider the projection Γ̂ of the intersection (Γ ×
Γ′)∩{x2 = x3} into the product of the first and the last factors in X
4. We obtain Γ˜ from Γ̂
by removing components of dimension larger than k and components whose projections
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onto the factors of X ×X are not surjective. This is the graph of the composition f ′ ◦ f ,
see Definition 2.1.
We can define the iterate fn := f ◦ · · · ◦ f , n times, for every n ≥ 1. Denote also by
f−n the adjoint of fn which is also the iterate of order n of the correspondence f−1. We
will discuss now the notion of algebraic stability of f which plays an important role in
our study.
Let S be a (p, q)-current on X. We define formally the pull-back of S by f by
f ∗(S) := (π1)∗(π
∗
2(S) ∧ [Γ]),
when the last expression makes sense. Note that the operators π∗i and (πi)∗ are well-
defined on all currents. Therefore, the last definition is meaningful when the wedge-
product π∗2(S) ∧ [Γ] is meaningful. We also define the push-forward operator f∗ as the
pull-back operator (f−1)∗ associated to f−1.
Consider the particular case of a continuous or smooth differential (p, q)-form φ on X.
The wedge-product π∗2(φ) ∧ [Γ] is well-defined because π
∗
2(φ) is a continuous form and
[Γ] is a current of order 0. So f ∗(φ) is well-defined in the sense of currents. However,
the value of f ∗(φ) at a point x is roughly the sum of the values of π∗2(φ) on the fiber
π−11 (x) ∩ Γ. We can check that f
∗(φ) is in general an L1 form but it may be singular
at the critical values of the map π1 restricted to Γ which contain the indeterminacy set
I(f). So we cannot iterate the operator f ∗ on continuous or smooth forms : for example,
the expression f ∗(f ∗(φ)) is not meaningful in general. So it is necessary to establish a
calculus.
Recall that the Hodge cohomology group Hp,q(X,C) of X can be defined using either
smooth forms or singular currents. Observe that when φ is closed or exact then f ∗(φ)
is also closed or exact. Therefore, the above operator f ∗ induces a linear map from
Hp,q(X,C) to itself, that we still denote by f ∗. The operator f∗ on H
p,q(X,C) is defined
to be (f−1)∗. We can iterate those operators as for every linear operator on a vector
space. The following definition is a slight extension of a notion introduced by Fornæss
and the second author, see [47].
Definition 2.3. We say that a meromorphic correspondence f is algebraically p-stable,
0 ≤ p ≤ k, if we have (fn)∗ = (f ∗)n on Hp,p(X,C) for every n ≥ 1. We say that f is
algebraically stable if it is algebraically 1-stable and f is totally algebraically stable if it is
algebraically p-stable for every p.
Note that f is always algebraically p-stable for p = 0 and p = k. If f is a dominant
holomorphic map then it is totally algebraically stable. There exist meromorphic maps
which are not algebraically stable. For example, in dimension k = 2, if a curve is sent
to an indeterminacy point then the map is not algebraically stable. In some situations,
the algebraic stability can be easily checked but in general this seems to be a difficult
question since we need to check the identity (fn)∗ = (f ∗)n for all n, see also Nguyen
[65].
Recall that in the construction of the graph of the composition of two correspondences,
one step is to eliminate bad components of some analytic cycles. This step is in fact
the cause of the algebraic instability. The reader can observe the phenomenon with
the rational involution f on P2 given on C2 by f(z1, z2) = (1/z1, 1/z2). The algebraic
instability makes the dynamical study of f much more difficult. Therefore, in many
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results, the algebraic stability is assumed. It is verified for large classes of maps. For
example, in a projective space, the set of algebraically unstable maps of a fixed degree
form a countable union of analytic sets in the parameter space.
Finally, observe that if ϕ and ψ are smooth differential forms of bidegrees (p, q) and
(k − p, k − q) respectively, we have
〈f ∗(φ), ψ〉 = 〈φ, f∗(ψ)〉.
It follows that the operator f ∗ : Hp,q(X,C) → Hp,q(X,C) is dual to the operator f∗ :
Hk−p,k−q(X,C)→ Hk−p,k−q(X,C) via the Poincare´’s duality. So the algebraic stability can
be also expressed in terms of (fn)∗.
3. POSITIVE CLOSED CURRENTS, SUPER-POTENTIALS AND DENSITIES
In this section, we will report on some recent techniques used to deal with positive
closed currents of arbitrary bidegree. We refer the reader to [13, 54, 71] for basic notions
and results of pluripotential theory and to [77] for Hodge theory. Positive closed currents
can be seen as positive closed differential forms with distribution coefficients. This is
a common point of view in the analytic aspect. Locally, positive closed currents can be
approximated by smooth positive closed forms using the standard process of convolution.
Computation with positive closed currents is possible thanks to an appropriate control of
the regularization process.
On a compact Ka¨hler manifold, it is more convenient to work in the global setting
rather than in the local setting. There are two reasons. The first one is that one often
use the integration by parts or more generally the Stokes formula. Working in the global
setting allows us to avoid boundary terms. The second reason is even more important. In
a compact Ka¨hler manifold (X,ω) of dimension k, if T is a positive closed (p, p)-current,
the pairing 〈T, ωk−p〉 depends only on the (Hodge or de Rham) cohomology classes of T
and of ω. This quantity is equivalent to the mass of T which is, by definition, the norm
of T as a linear operator on the space of continuous (k − p, k − p)-forms. Therefore, a
large part of computations with positive closed currents and even for positive ddc-closed
currents reduces to a computation with cohomology classes which is often simpler.
Except for homogeneous manifolds, the convolution process doesn’t work in the global
setting. Moreover, in general, we cannot regularize positive closed currents without
loosing the positivity. The following result gives us a regularization with a control of the
positivity loss, see [13, 26]. For convenience, we also call ‖T‖ := 〈T, ωk−p〉 the mass of
T .
Theorem 3.1 (Demailly for p = 1, Dinh-Sibony for p ≥ 1). Let (X,ω) be a compact Ka¨hler
manifold. There is a constant c > 0 depending only on X and ω satisfying the following
property. If T is a positive closed (p, p)-current on X, there are positive closed (p, p)-currents
T+ and T− which can be approximated by smooth positive closed (p, p)-forms and such that
T = T+ − T− and ‖T±‖ ≤ c‖T‖.
The theorem also holds for other classes of currents, e.g. positive ddc-closed currents.
It is similar to the known fact in algebraic geometry that any cycle can be written as
the difference of movable effective cycles. The regularization process hidden in the last
theorem preserves good properties of T when they exist. For example, if T is smooth in
some open set U , then T± are also smooth there and the approximation of T± by smooth
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positive closed forms on X is uniform on compact subsets of U . Specific needs can be
obtained by going through the details of the proof of the above theorem, see [13, 22, 26].
We will discuss now the notion of super-potentials. The starting point is that the
pluripotential theory is well developed for positive closed currents of bidegree (1, 1)
thanks to the notion of plurisubharmonic (p.s.h. for short) functions. More precisely,
if T is a positive closed (1, 1)-current, then we can write locally T = ddcu in the sense
of currents, where u is a p.s.h. function and dc := i
2pi
(∂ − ∂). Working with a pointwise
defined function is more confortable than working directly with a current. For example,
it allows more operations like multiplying a positive current S by u. One just has to as-
sume that u is integrable with respect to the trace measure of S. But when T is of higher
bidegree, the potentials is just an L1-form, one cannot consider their wedge-product with
S if S is singular.
In the global setting, if α is a real smooth closed (1, 1)-form in the cohomology class of
T , we can write globally
T = α+ ddcu,
where u is a quasi-p.s.h. function, i.e., locally the sum of a p.s.h. function and a smooth
one. This function u is unique up to an additive constant. So if we normalize u by the
condition ∫
X
uωk = 0
then u is unique. We call u the normalized quasi-potential of T . One of the key technical
point in the use of quasi-p.s.h. functions is the control of their singularities. The most
useful general property is perhaps the following consequence of a theorem by Skoda.
Theorem 3.2 (Skoda). Let X,ω and α be as above. Then there are constants c > 0 and
λ > 0 such that if T is a positive closed (1, 1)-current in the cohomology class of α and u is
its normalized quasi-potential, then we have∫
X
eλ|u|ωk ≤ c.
It is easy to deduce estimates of the Lp-norm of u for all 1 ≤ p < ∞. Refined versions
of this theorem can be found in [21, 60, 79]. So quasi-p.s.h. functions are almost as good
as bounded functions. When the above estimate is verified for a probability measure ν, in
place of ωk, we say that the measure ν is moderate. The support of a moderate measure
is Zariski dense.
Super-potentials are functions which play the role of quasi-potentials for positive closed
currents of arbitrary bidegree. We will introduce them briefly and refer the reader to
[32, 35] for details. Let α be a real smooth closed (p, p)-form. Let T be a positive closed
(p, p)-current in the cohomology class of α. Let Ck−p+1(X) denote the set of positive
closed currents of bidegree (k − p+ 1, k − p+ 1) and mass 1 in X and C˜k−p+1(X) the set
of currents in Ck−p+1(X) which are smooth forms. The normalized super-potential of T
is a real-valued function which is defined at least on C˜k−p+1(X) and may be extended to
a function in a larger set of currents. It is denoted by UT and given by
UT (R) := 〈UT , R〉 for R ∈ C˜k−p+1(X),
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where UT is a normalized quasi-potential of T , that is, UT is a (p− 1, p− 1)-current such
that
ddcUT = T − α and 〈UT , ω
k−p+1〉 = 0.
Note that when p > 1 the quasi-potential UT also exists but is not unique. However, we
can show that the definition of UT does not depend on the choice of UT . So the super-
potential UT is a canonical function associated to T and α. It enjoys several properties
similar to quasi-p.s.h. functions but we don’t quote all of them here. Since it is defined
on a space of infinite dimension, it is not clear how to get a similar property as the above
Skoda’s estimate for quasi-p.s.h. functions. The following result gives the answer to this
question, see [32, 35].
Theorem 3.3 (Dinh-Sibony). Let X,ω and α be as above. There is a constant c > 0
such that if T is a positive closed (p, p)-current in the cohomology class of α and UT is its
normalized super-potential, then
|UT (R)| ≤ c(1 + log
+ ‖R‖C 1),
where log+ := max(log, 0).
Super-potentials also allow to define the intersection of positive closed currents of
arbitrary bidegree. For example, if the super-potential UT of T can be extended to a
continuous function on Ck−p+1(X), then for any positive closed (q, q)-current S in X with
1 ≤ q ≤ k − p, using the theory one shows that the wedge-product T ∧ S is well-defined
and depends continuously on S. This notion was used in dynamics to define invariant
measures as the intersection of positive closed invariant currents. We refer to [32, 35, 78]
for details.
In the rest of this section, we will briefly introduce the theory of densities for positive
closed currents, see [36] for details. As we have seen in the introduction, the study of
periodic points of a map or correspondence is strongly related to the so called dimension
excess of the intersection of analytic cycles. If V1 and V2 are two analytic subsets of X
of co-dimension respectively p1 and p2, then their intersection is expected to be empty
when p1+ p2 > k. Otherwise, if their intersection is non-empty, its dimension is expected
to be k−p1−p2. In general, this dimension is at least equal to k−p1−p2. However, in the
first case, the intersection may be non-empty and in the second case the dimension may
be larger than k − p1 − p2. We refer to this well-known phenomenon as the dimension
excess.
The starting point of the theory of densities for positive closed currents is to determine
if such a phenomenon happens for general positive closed currents. The theory is cru-
cial in dynamics because even when we want to understand algebraic cycles we cannot
limit ourself to cycles of bounded degree and therefore positive closed currents appear
naturally as limits of normalized cycles. It is also convenient to work with the space of
positive closed currents of bidegree (p, p) because it admits good compactness properties.
There exists a particular case for which we first explain our point of view. This is the
notion of Lelong number. If T is a positive closed (p, p)-current in X and a is a point in
X, then the Lelong number ν(T, a) of T at a represents the density of T at the point a. In
our point of view, when this number is strictly positive, the ”intersection” of T with the
point a has a dimension excess. When T is given by a subvariety of X, this phenomenon
EQUIDISTRIBUTION PROBLEMS OF COMPLEX DYNAMICS IN HIGHER DIMENSION 10
appears only when a belongs to this variety. Lelong number was originally defined using
local holomorphic coordinates near a. The following result is fundamental in the theory.
Theorem 3.4 (Lelong, Siu). Let X, T and a be as above. Then
(1) The Lelong number ν(T, a) is intrinsic, i.e. it does not depend on the choice of local
coordinates.
(2) The Lelong number ν(T, a) is upper semi-continuous with respect to T . In particular,
it is bounded by a constant times the mass of T .
(3) For every c > 0, the upper level set {a ∈ X, ν(T, a) ≥ c} is an analytic subset of X.
We describe now the case where the point a is replaced by a submanifold V of dimen-
sion l ofX. The aim is to see if there is a dimension excess for the ”intersection” between
T and V . Let NV |X be the normal vector bundle of V in X. We identify its zero section
with the manifold V . Let τ denote a smooth map from a neighbourhood of V in X to
a neighbourhood of V in NV |X such that the restriction of τ to V is the identity and the
induced map from NV |X to itself is also identity. Denote by NV |X the natural compactifi-
cation of NV |X and by Aλ : NV |X → NV |X, for λ ∈ C
∗, the map which is the multiplication
by λ in each fiber of NV |X . This map extends to an automorphism of NV |X .
Let T be a positive closed (p, p)-current. For simplicity, assume that it has no mass
on V . Consider now the family of currents Tλ := (Aλ)∗τ∗(T ) in open sets of NV |X . The
domain of definition of Tλ increases to NV |X when |λ| tends to infinity. In general, these
currents are not positive nor of bidegree (p, p). However, we obtain the following result.
Theorem 3.5 (Dinh-Sibony). Let X, V,NV |X , τ, Aλ and T be as above.
(1) The family {Tλ} is relatively compact in the sense that for any sequence λn → ∞,
there is a subsequence λni such that Tλni converges to a current T∞ on NV |X .
(2) The current T∞ does not depend on the choice of the map τ . Moreover, it is a positive
closed (p, p)-current which can be extended by 0 to a positive closed (p, p)-current on
NV |X , that we still denote by T∞. The mass of the last current is bounded by a
constant times the mass of T .
(3) The cohomology class of T∞ in H
p,p(NV |X ,C), denoted by κ
V (T ), is intrinsic, i.e. it
does not depend on the choice of τ nor on the choice of the sequence λn. Moreover,
it is upper semi-continuous with respect to T .
The class κV (T ) is called the total tangent class of T along V . It represents the density
of T near V . Note that the bi-dimension of T is (k − p, k − p). So if p > l, we expect, at
least in the generic case, that this class vanishes or equivalently T∞ = 0. In other words,
there is no dimension excess for the ”intersection” between T and V . When this class is
not zero, we conclude that there is a dimension excess. This situation corresponds to the
case of positive Lelong number when V is reduced to a point.
Consider now the case where p ≤ l. It is a little bit more subtle to observe the phenom-
enon of dimension excess. By Ku¨nneth theorem, the Hodge cohomology class κV (T ) can
be identified to a polynomial with coefficients κVj (T ) in H
l−j,l−j(V,C) for l − p ≤ j ≤ l.
Let s denote the maximal number such that κVs (T ) 6= 0. We take s = l − p if all κ
V
j (T )
vanish. This number is called the tangential h-dimension of T along V . In the generic
situation, we expect it to be minimal, i.e. equal to l − p. When this dimension is larger
than l − p, we conclude that there is a dimension excess for the intersection between T
and V .
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We can define the densities between two positive closed currents T and S by consid-
ering the densities of T ⊗ S along the diagonal ∆ in X ×X. Note also that the theory of
densities of currents also allows to define intersection of positive closed currents of arbi-
trary bidegree under suitable conditions, including the absence of the dimension excess.
This is a promising research direction which may offer the most general setting where we
can define the wedge-product of currents. The reader will find in [36] a more detailed
exposition.
4. DYNAMICAL DEGREES, TOPOLOGICAL AND ALGEBRAIC ENTROPIES
In complex dynamics, a crucial question is to understand the action of the map or
correspondence on positive closed currents. This action, if it is well-defined, is often
compatible with the action on cohomology and permits to deal with the distribution of
orbits and to construct dynamically significant invariant measures. Moreover, the mass
of a positive closed current depends only on its cohomology class. Therefore, in order
to control the mass of these currents, it is very useful to understand the action of the
map or correspondence on cohomology. We will give in this section some general basic
properties. Note that although we work with linear actions on finite dimensional vector
spaces, it is a difficult problem to describe their behaviour when we iterate the map or
correspondence because of the algebraic instability mentioned in Section 2.
Let (X,ω) be a compact Ka¨hler manifold of dimension k as above. Let f be a dominant
meromorphic correspondence on X. We also fix some norms on the Hodge cohomology
groups.
Definition 4.1. We call dynamical degree of order p of f the following limit
dp(f) := lim
n→∞
‖(fn)∗ : Hp,p(X,C)→ Hp,p(X,C)‖1/n
and algebraic entropy of f the following constant
ha(f) := max
0≤p≤k
log dp(f).
The last topological degree dk(f) is also called topological degree because it is equal to
the number of points in f−1(a) for a generic point a in X.
Note that the discussion at the end of Section 2 implies that
dp(f) := lim
n→∞
‖(fn)∗ : H
k−p,k−p(X,C)→ Hk−p,k−p(X,C)‖1/n = dk−p(f
−1).
Therefore, we also have
ha(f) = ha(f
−1).
We have the following general result.
Theorem 4.2 (Dinh-Sibony). The limit in the above definition of dp(f) always exists. It is
finite and doesn’t depend on the choice of the norm on Hp,p(X,C). Moreover, the dynamical
degrees and the algebraic entropy are bi-meromorphic invariants of the dynamical system.
That is, if π : X ′ → X is a bi-meromorphic map from a compact Ka¨hler manifold X ′ to X,
then
dp(π
−1 ◦ f ◦ π) = dp(f) and ha(π
−1 ◦ f ◦ π) = ha(f).
We also have for n ≥ 1 that
dp(f
n) = dp(f)
n and ha(f
n) = nha(f).
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Note that when X is a projective space, the first statement was used by Fornæss and
the second author for p = 1 in order to construct the Green dynamical (1, 1)-current [47].
Also for projective spaces, it was extended by Russakovskii-Shiffman for higher degrees
[68]. In this case, the group Hp,p(X,C) is of dimension 1 and the action of (fn)∗ is just
the multiplication by a constant dp,n. Therefore, we easily get dp,n+m ≤ dp,ndp,m which
implies the result. The proof of the above theorem in the general case uses in an essential
way a computation with positive closed currents and Theorem 3.1 plays a crucial role.
We refer to [22, 26, 30, 74, 75] for details and some extensions of this result. We also
obtained in these works the following result, which has been obtained by Gromov for
holomorphic maps [52].
Theorem 4.3 (Gromov, Dinh-Sibony). Let X and f be as above. Then the topological
entropy ht(f) of f is bounded from above by its algebraic entropy ha(f). In particular, the
topological entropy of f is finite.
The topological entropy measures the rate of divergence of the orbits of points. Its def-
inition for meromorphic maps or correspondences is the same as the Bowen’s definition
for continuous maps, except that we don’t consider orbits which reach the indeterminacy
set. Therefore, it is not obvious that the entropy of a meromorphic map is finite. Note
also that when f is a holomorphic map, the above result combined with a theorem by
Yomdin [81] implies that the topological entropy is indeed equal to the algebraic one.
We expect that such a property still holds for large families of meromorphic maps and
correspondences. We don’t know if in general, there is always a map or correspondence fˆ
bi-meromorphically conjugate to f such that ht(fˆ) = ha(fˆ). If X is a projective manifold,
by composing holomorphic projections from X to Pk with the adjoints of such maps, it is
easy to construct correspondances of positive topological entropy on X.
Observe that the action of fn on Hp,q(X,C) is not explicitly used in the above property
of entropies when p 6= q. This can be explained by the following inequality obtained by
the first author in [17]
lim sup
n→∞
‖(fn)∗ : Hp,q(X,C)→ Hp,q(X,C)‖1/n ≤
√
dp(f)dq(f).
Dynamical degrees are not easy to compute except in the case of algebraically p-stable
correspondences. The following result was obtained by the authors for automorphisms
in [27] and for meromorphic maps in unpublished lecture notes. It implies that for a
holomorphic family of algebraically p-stable correspondences the dynamical degree of
order p is constant.
Proposition 4.4. Let f be an algebraically p-stable correspondence on a projective manifold
X. Then the dynamical degree dp(f) of f takes values in a discrete subset of algebraic
integers in [0,+∞).
Let NSp(X,R) be the Ne´ron-Severi subspace of H
p,p(X,C) spanned by the classes of
algebraic (k − p)-cycles in X. Then the action of f on NSp(X,R) preserves the lattice
spanned by the algebraic (k − p)-cycles with integer coefficients. Since f is algebraically
stable, we can show that dp(f) is the spectral radius of the action f
∗ on NSp(X,R) and
therefore is the largest root of a monic polynomial with integer coefficients. The degree
of this polynomial is the dimension of NSp(X,R). The proposition follows easily. When
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the map or correspondence is not algebraically p-stable, the following problem seems to
be difficult.
Problem 3. Let f be an arbitrary dominant meromorphic map or correspondence on a
compact Ka¨hler manifold. Are its dynamical degrees always algebraic integers ?
We continue our discussion on dynamical degrees. Recall that a direct consequence of
the mixed Hodge-Riemann theorem applied to the graphs of fn, see e.g. [20, 51], implies
that, when f is a meromorphic map, the function p 7→ log dp(f) is concave. Equivalently,
we have
dp(f)
2 ≥ dp−1(f)dp+1(f) for 1 ≤ p ≤ k − 1.
In particular, we have 1 ≤ dp(f) ≤ d1(f)
p, ha(f) > 0 if and only if d1(f) > 1, and there
are two numbers r and s with 0 ≤ r ≤ s ≤ k such that
1 = d0(f) < · · · < dr(f) = · · · = ds(f) > · · · > dk(f).
The property still holds for a correspondence f when the graphs of fn are irreducible.
If V is an analytic subset of pure dimension k − p in X, the compactification of f(V \
I(f)) is also an analytic subset of pure dimension k − p. We call it the strict transform
of V by f . Similarly, if T is a positive closed (p, p)-current on X, we can define the
push-forward of T by f restricted to X \ I(f). Using Theorem 3.1, one can show that the
obtained current can be extended by 0 to a positive closed (p, p)-current on X, see [29]
for details. This is the so-called strict transform of T by f .
Let V ′ be an analytic subset of pure dimension p and T ′ a positive closed (k− p, k− p)-
current on X. Let ǫ > 0 be any constant. It is possible to prove, using again Theorem 3.1,
that the 2p-dimensional volume (resp. the mass) of the strict transform of V ′ (resp. T ′) by
fn is smaller than a constant times (dp(f) + ǫ)
n. Moreover, dp(f) is the smallest constant
satisfying this property. Therefore, if r and s are as above, the dynamical system f has
roughly r expanding directions, s− r neutral directions and k− s contracting directions.
In dynamics, neutral directions often make the study more difficult.
Definition 4.5. Let f be a dominant meromorphic correspondence onX. We say that f is
algebraically hyperbolic if it admits a dynamical degree dp(f) which is strictly larger than
the other ones. If moreover, this is the last dynamical degree, we say that f is algebraically
expanding or with dominant topological degree. Let f be algebraically hyperbolic as above
and assume that the action of f ∗ on Hp,p(X,C) has only one eigenvalue of maximal
modulus which is simple and equal to dp(f). We say that the action of f on cohomology
is simple or f is algebraically simple, see [35].
Note that in some references, one uses the word ”cohomologically” instead of ”alge-
braically”. However, we think the second choice is more appropriate because the action
of f on cohomology is not hyperbolic in the usual sense because it often has eigenvalues
of modulus 1. Most of results in complex dynamics are obtained under the condition
that the action of the map on cohomology is simple. Note that when f is algebraically
expanding, then its action on cohomology is simple because dimHk,k(X,C) = 1.
Finally, though analytic tools are dominant in the study of the objects introduced in
this section, many questions are of algebraic nature and can be asked for maps or cor-
respondences which are defined over fields different from C. The reader will find in
[40, 41, 76] and the references therein some recent algebraic counterparts of the topics
presented in this paper.
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5. NUMBER OF ISOLATED PERIODIC POINTS AND EQUIDISTRIBUTION
In this section, we will discuss in detail Theorem 1.1 stated in the introduction. We
first have the following general result recently obtained in [24].
Theorem 5.1 (Dinh-Nguyen-Truong). Let f be a dominant meromorphic correspondence
on a compact Ka¨hler manifold X and let ha(f) be the algebraic entropy of f . If Qn denotes
the set of isolated periodic points of period n of f counted with multiplicity, then we have
lim sup
n→∞
1
n
log#Qn ≤ ha(f).
In particular, f is an Artin-Mazur correspondence, that is, the cardinality of Qn grows at
most exponentially fast with n.
The proof of this theorem uses the theory of densities for positive closed currents,
described in Section 3. Let [Γn] denote the current of integration on the graph Γn of
fn. We can show that its mass (or equivalently the 2k-dimensional volume of Γn) is
O(enλ) for every constant λ > ha(f). It follows that the family of currents e
−nλ[Γn] is
bounded. So their densities along the diagonal ∆ are also bounded. On the other hand,
by definition, the total tangent class of [Γn] along ∆ is at least equal to #Qn times the
cohomology class of a fiber of the bundle N∆|X2. We then deduce that #Qn = O(e
nλ),
which implies the theorem.
The following result is an immediate consequence of the last theorem.
Corollary 5.2. Let f,X and Qn be as in Theorem 5.1. Then the zeta-function associated to
f
ζf(z) :=
∑
n≥1
1
n
(#Qn)z
n
is analytic in a neighborhood of 0 ∈ C.
The following question is related to the existence of some recurrence property of the
sequence #Qn. A positive answer is known in some situations where #Qn can be com-
puted explicitly.
Problem 4. Does the zeta-function ζf always admit a meromorphic or rational extension
to the whole complex plane C ? We can ask the same question for the zeta-function defined
with the sequence of Lefschetz numbers L(fn).
We continue the discussion on Problems 1a and 1b. The theory of densities of currents
can be used to get more precise estimates. We will give here two examples. The following
result was obtained in [23]. Recall the Lefchetz number L(fn) is the intersection number
associated to Γn and ∆.
Theorem 5.3 (Dinh-Nguyen-Truong). Let f be a meromorphic correspondence on X. As-
sume that f is algebraically expanding, i.e. the last dynamical degree dk(f) of f is strictly
larger than the other dynamical degrees. Then we have
L(fn) = dk(f)
n + o(dk(f))
n and #Qn ≤ dk(f)
n + o(dk(f))
n = L(fn) + o(L(fn)).
The result was stated in [23] for maps but the proof is the same for correspondences.
This is the solution to Problem 1b in the considered setting. We will see later that the last
inequality is in fact an equality. The first identity is not difficult to obtain using the action
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of (fn)∗ on cohomology described in Section 4, in particular, the action on Hp,q(X,C)
with p 6= q.
The key point in the proof of the inequality in the theorem is that the sequence of
currents dk(f)
−n[Γn] converges to a positive closed (k, k)-current T in X × X which is
equal to π∗1(µ) for some probability measure µ on X. The current T is ”transverse” to
the diagonal ∆ and therefore there is no dimension excess between T and ∆. We easily
see that the total tangent class of T along ∆ is equal to the cohomology class of a fiber
of the bundle N∆|X2 . Then, the inequality in the last theorem follows from the upper
semi-continuity property in Theorem 3.5.
In the following situation, we also have a satisfactory answer to Problem 1b, see [23].
Theorem 5.4 (Dinh-Nguyen-Truong). Let f be a dominant meromorphic map on a com-
pact Ka¨hler surface X. Assume that f is algebraically stable and that its first dynamical
degree d1(f) is strictly larger than its topological degree d2(f). Then we have
L(fn) = d1(f)
n + o(d1(f))
n and #Qn ≤ d1(f)
n + o(d1(f))
n = L(fn) + o(L(fn)).
The proof of this theorem follows the same strategy. We show that the limit T in
this case has the form T+ ⊗ T− where T± are positive closed (1, 1)-currents on X, which
cannot both have mass on the same analytic curve. The last property allows us to show
that there is no dimension excess for the intersection of T with ∆. This is the key point
in the proof. The result can be extended to meromorphic correspondences under the
condition that its action on cohomology is simple.
The reader will find some related results in Favre [42], Iwasaki-Uehara [57], Saito
[69], Xie [80] and the references therein. Note that in some references, periodic points
which are indeterminacy points may not be counted. Here we count them and they can
be the only intersection points of the graphs Γn and ∆. This this the case for the rational
extension to P2 of the polynomial map f(z, w) = (z + 1, z2 + w).
We will now consider some situations where the equidistribution of periodic points is
known. The following result was obtained in the case of holomorphic endomorphisms of
Pk by Briend-Duval [6]. The general version used Theorem 5.3 above was obtained by
Nguyen, Truong and the first author in [23] for maps but the proof can be extended to
correspondences.
Theorem 5.5 (Briend-Duval, Dinh-Nguyen-Truong). Let X, f, dk(f) and Qn be as in The-
orem 5.3. Then there is an invariant probability measure µ such that
lim
n→∞
1
dk(f)n
∑
a∈Qn
δa = µ,
where δa denotes the Dirac mass at a.
This result shows that isolated periodic points of order n of f are equidistributed with
respect to µ when n goes to infinity. It solves Problem 2 in this situation. The statement
still holds if we replace Qn by the subset of repelling periodic points of period n.
There are different ways to construct the measure µ : the theorem gives one way to
obtain it and we can also get it as the probability measure such that the sequence of
currents dk(f)
−n[Γn], considered above, converges to π
∗
1(µ). So µ can be seen as the
intersection of the limit of dk(f)
−n[Γn] with the diagonal ∆ of X ×X. We will see in the
next section another way to produce this measure. It is known that this measure has no
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mass on proper analytic subsets of X. Therefore, periodic points are Zariski dense in X.
Similar properties hold for other situations that we consider below.
In order to prove this theorem, using Theorem 5.3, we only need to construct a good
family of periodic points. At least in the case where X is a projective manifold, the
strategy described in the introduction works quite well. The construction used in the
original proof of this theorem follows the approach developed in [25], which is based on
the construction of the inverse branches of fn defined on balls in X. The construction is
quite delicate because of the needed size control. Note that the measure µ here doesn’t
have mass on proper analytic subsets of X and satisfies f ∗(µ) = dk(f)µ.
Here is another simple situation where we can solve Problem 2.
Theorem 5.6. Let f be a holomorphic automorphism of a projective surface X. Assume
that its first dynamical degree d1(f) is larger than one or equivalently its topological and
algebraic entropies are positive. Let Qn denote the set of isolated periodic points of period n
of f , counted with multiplicity. Then there is an invariant probability measure µ such that
lim
n→∞
1
d1(f)n
∑
a∈Qn
δa = µ.
The upper bound for the cardinality ofQn is given in Theorem 5.3. For the construction
of a good family of periodic points, see Dujardin [39]. The measure µ can be obtained
as an intersection of invariant currents or as the intersection of the limit of d1(f)
−n[Γn]
with the diagonal ∆ of X × X. We can also replace Qn in the theorem by the subset of
saddle periodic points.
The reader will find more results for surfaces in [16, 39, 58] which are too technical to
state in this paper. Notice that the upper bound for the number of isolated periodic points
is crucial for the equidistribution property. It is sometimes overlooked in literature. We
think that the strategy described in the introduction can be extended to holomorphic au-
tomorphisms or correspondences on projective manifolds of arbitrary dimension, whose
actions on cohomology are simple. The needed techniques were recently developed in
order to prove the following result.
Let f be a polynomial automorphism of Ck. We extend it to a birational map on the
projective space Pk which is the natural compactification of Ck. Denote by I(f) and
I(f−1) the indeterminacy sets of f and f−1 respectively. They are analytic subsets of the
hyperplane at infinity Pk \Ck. The following notion was introduced by the second author
under the name of regular automorphisms, see [70].
Definition 5.7. We say that f is a He´non-type automorphism if f is not an automorphism
of Pk and I(f) ∩ I(f−1) = ∅.
This is a large family of of totally algebraically stable maps. The condition in the
definition is easy to check. Moreover, in dimension 2, all polynomial automorphisms
of C2 are conjugated to He´non-type maps or to elementary maps whose dynamics is
simple to study, see Friedland-Milnor [50]. Consider a He´non-type map f as above. It
is not difficult to show that there is an integer p such that dim I(f) = k − p − 1 and
dim I(f−1) = p − 1. The action of f on cohomology is simple and dp(f) is the largest
dynamical degree. Moreover, one can prove that I(fn) = I(f), I(f−n) = I(f−1) for
n ≥ 1, and then deduce that all periodic points of order n of f are isolated.
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The following result was obtained by Bedford-Lyubich-Smillie [3] for k = 2 and by the
authors in the general case [37].
Theorem 5.8 (Bedford-Lyubich-Smillie, Dinh-Sibony). Let f be a He´non-type map on Ck
as above and let Qn be the set of periodic points of period n of f counted with multiplicity.
Then there is an invariant probability measure µ with compact support in Ck such that
lim
n→∞
1
dp(f)n
∑
a∈Qn
δa = µ.
This is the most difficult equidistribution property we obtained. In this theorem, we
can also replaceQn by the subset of saddle periodic points. One may have periodic points
at infinity but they are negligible for the above equidistribution property. Most of periodic
points are in a compact subset of Ck. The measure µ can be obtained as the intersection
of invariant positive closed currents or as the intersection of the limit of dp(f)
−n[Γn] with
the diagonal∆ of Pk×Pk. It is known that the measure µ here is moderate. In particular,
the support of µ is Zariski dense in Ck.
In higher dimensions, the proof of the theorem requires a use of positive closed cur-
rents of arbitrary bidegree and is much more subtle than a simple technical issue. We
follow the strategy described in the introduction and the most difficult step is to show
that
lim
n→∞
(
dp(f)
−n(F n/2)∗[∆] ∧ [∆]
)
=
(
lim
n→∞
dp(f)
−n(F n/2)∗[∆]
)
∧ [∆].
In general, the two operations ”taking a limit of currents” and ”taking the wedge-
product with a current” do not commute. The main difficulty is the critical values of the
projection from Γn (to an imaginary space) following the direction of ∆. In order to deal
with this difficulty, we lift the dynamical system F : Pk × Pk → Pk × Pk to a suitable jet
bundle associated to Pk × Pk. This allows us to include the above ”critical values” into
the system. The behaviour of the lifts of Γn, or equivalently, of the orbit of ∆ by F , to the
jet bundle plays a crucial role in the proof of the above identity. A key point is that the
volume of the lift of Γn is of the same order of magnitude than the volume of Γn. One
of the difficulties is that the ergodicity properties we can get for the new system on the
jet bundle are weaker than what we can obtain for F . To overcome these difficulties we
use in particular the theory of densities of currents and some results by de The´lin [15]
on estimates of Lyapounov exponents in order to prove the above identity.
For the rest of this section, we will discuss the case of modular correspondences, where
Problem 2 has a satisfactory solution. LetG be a connected Lie group and let Λ be a lattice
in G. Define X̂ := Λ\G. Let g ∈ G be an element such that g−1Λg is commensurable with
Λ, that is, Λg := g
−1Λg ∩ Λ has finite index in Λ. Denote by dg this index.
The map x 7→ (x, gx) induces a map from Λg\G to X̂ × X̂. Let Γ̂g be its image. The
natural projections from Γ̂g onto the factors of X̂ × X̂ define two unramified coverings
of degree dg. Therefore, it is the graph of a correspondence fˆ on X̂ which is called an
(irreducible) modular correspondence. When the group generated by g and Γ is dense in
G, we say that fˆ is an exterior correspondence. LetK be a maximal compact subgroup of
G. Since the left-multiplication and right-multiplication on G commute, the correspon-
dence fˆ can descend to a correspondence f on the locally symmetric space X := X̂/K.
We also say that f is a modular correspondence on X. Several characterizations of mod-
ular correspondences on Hermitian locally symmetric spaces and related problems were
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considered in Clozel-Ullmo [12], Huang-Yuan [55], Mok [62, 63] and Mok-Ng [64]. The
following result was obtained in [19].
Theorem 5.9 (Dinh). Let f be an exterior modular correspondence on a locally symmetric
space X as above. Let Qn denote the set of isolated periodic points of period n of f . Assume
also that f has at least one isolated periodic point. Then
lim
n→∞
1
#Qn
∑
a∈Qn
δa = µ,
where µ is the Haar (probability) measure on X.
Note that the theorem holds also when X is not Hermitian or not compact. The proof
of this theorem uses an analysis of the inverse branches of fn on balls ofX, similar to the
one in Theorem 5.5. However, since f is locally isometric with respect to an invariant
Riemannian metric on X, the problem is technically simpler. A key point in the proof
is the equidistribution of the orbits of points with respect to the measure µ which was
obtained by Clozel-Otal in [11].
6. EQUIDISTRIBUTION OF ORBITS OF POINTS AND VARIETIES
As mentioned in the introduction, the equidistribution of periodic points is closely
related to the equidistribution of the orbits of points and varieties. In this section, we will
discuss some situations where we have a satisfactory answer to the following problem.
Let f be a dominant meromorphic correspondence on a compact Ka¨hler manifold X of
dimension k as above.
Problem 5. Let V be an analytic subset of X of pure codimension p. Study the convergence
and rate of convergence of the currents of integration on f−n(V ), properly normalized, when
n goes to infinity.
Note that for convenience, we state the problem for the negative orbit of V by f . The
study of the positive orbit of V by f is equivalent to the study of the negative orbit of V
by f−1.
Recall that the mass of a positive closed current depends only on its cohomology class.
So the mass of the current [f−n(V )] grows at most as the norm of the operator (fn)∗
on Hp,p(X,C). Hence, concretely, we want to study the convergence and the rate of
convergence of d−1n [f
−n(V )] for a suitable sequence (dn) of positive numbers which is
equivalent to the sequence of norms ‖(fn)∗ : Hp,p(X,C)→ Hp,p(X,C)‖.
In the situations we will consider, the correspondence is algebraically p-stable. We
also have dp > dl for l < p except for the case of modular correspondences. Unless we
use strong geometric hypotheses or other conditions, the case without algebraic stability
seems not to be accessible for the moment. Without the condition dp > dl, the nature
of the problem changes. The reader can, for example, compare the case of the orbits
of points by a He´non-type automorphism with the statements below. We first discuss
the cases of orbits of points and hypersurfaces which only require classical tools from
complex analysis and geometry for the proofs.
Theorem 6.1. Let f be a non-invertible holomorphic map on Pk. Let dk(f) denote its
topological degree. Then
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(1) There is a maximal proper analytic subset E of Pk which is totally invariant, i.e. we
have f−1(E ) = f(E ) = E .
(2) There is an invariant moderate probability measure µ of f (called equilibrium mea-
sure) such that
lim
n→∞
1
dk(f)n
∑
a∈f−n(z)
δa = µ if and only if z 6∈ E ,
where the points in f−n(z) are counted with multiplicity.
(3) The convergence in the previous statement for z 6∈ E is exponentially fast. More
precisely, if ϕ is a Ho¨lder continuous function on Pk then the integral〈 1
dk(f)n
∑
a∈f−n(z)
δa − µ, ϕ
〉
tends to 0 exponentially fast as n goes to infinity.
This result was obtained by the authors using strong compactness properties of quasi-
p.s.h. functions (see Theorem 3.2) which are used as test functions for measures and
also some analysis of the critical set in order to localize the exceptional set E . We refer
the reader to [33] for more precise statements and history of the problem. The similar
statement with the same proof holds for algebraically expanding holomorphic maps on
compact Ka¨hler manifolds. The convergence in the second assertion has been obtained
by Fornæss and the second author for z outside a pluripolar set and by Briend-Duval for
z outside a countable union of analytic subsets, see [7, 46]. For the case of dimension 1,
see Brolin, Freire-Lopes-Man˜e´ and Lyubich [8, 49, 61].
Consider now a more general setting. Let f be an algebraically expanding map on
a compact Ka¨hler manifold X of dimension k. Let dk(f) denote its topological degree.
Let I(f) and I(f−1) denote the indeterminacy sets of f and f−1. Denote by I∞(f) the
positive orbit of I(f) and I∞(f
−1) the one of f−1. We will consider points outside those
sets. The following result was obtained by Nguyen, Truong and the first author using
a geometrical approach, originally used in dimension 1, see [23]. The convergence has
been obtained by the authors for z outside a pluripolar set and by Guedj for z outside a
countable union of analytic sets, see [28, 53].
Theorem 6.2. Let f be an algebraically expanding map as above. There is an invariant
probability measure µ of f (equilibrium measure) and a proper analytic subset E of X such
that if z is outside I∞(f) ∪ I∞(f
−1), then
lim
n→∞
1
dk(f)n
∑
a∈f−n(z)
δa = µ if and only if z 6∈ E ,
where the points in f−n(z) are counted with multiplicity.
Note that when z is outside I∞(f) ∪ I∞(f
−1), the condition z 6∈ E is equivalent to the
condition that z doesn’t belong to the orbit of E because E satisfies a strong invariant
property : f−1(E \ I(f−1)) ⊂ E . The result can be extended to algebraically expanding
correspondences but in this case E doesn’t satisfy such an invariant property and there-
fore we need to replace the condition z 6∈ E with the condition that z is not in the positive
orbit of E by f .
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Consider now the case of a modular correspondence which plays the central role in
the proof of Theorem 5.9. The following result was obtained by Clozel-Otal in [11], see
also Clozel-Ullmo [12].
Theorem 6.3 (Clozel-Otal). Let f,X and µ be as in Theorem 5.9. Let d be the topological
degree of f . Then for every z ∈ X we have
lim
n→∞
1
dn
∑
a∈f−n(z)
δa = µ.
We discuss now the case of orbits of hypersurfaces. The following result was obtained
by Favre-Jonsson in the case of dimension 2 and by the authors in the general case
[31, 43].
Theorem 6.4 (Favre-Jonsson, Dinh-Sibony). Let f be a non-invertible holomorphic map
on Pk. Let d1(f) denote its first dynamical degree. Then there is a totally invariant proper
analytic set E0 such that if V is a hypersurface of degree deg(V ) of P
k which doesn’t contain
any component of E0 then
lim
n→∞
1
deg(V )d1(f)n
(fn)∗[V ] = T,
where T is the dynamical Green (1, 1)-current of f .
So the negative orbit of V is equidistributed with respect to the current T . There
are different ways to construct this invariant positive closed (1, 1)-current. The above
theorem shows that it is the limit of deg(V )−1d1(f)
−n(fn)∗[V ] for generic hypersurfaces
V . If α is a closed (1, 1)-form with bounded coefficients in Pk which is cohomologous to
a hyperplane, then d1(f)
−n(fn)∗(α) also converges to T in the sense of currents, see e.g.
[34] for more details.
Note that for generic hypersurfaces V , Taflin proved that the convergence of the cur-
rents deg(V )−1d1(f)
−n(fn)∗[V ] towards T is exponentially fast, see [72] for a precise
statement. Note also that all the above results can be extended to He´non-type automor-
phisms of Ck, see [32, 72].
The key point in the proof is to use normalized quasi-potentials of positive closed (1, 1)-
currents. The convergence of these currents is equivalent to the convergence of their
normalized quasi-potentials. Compactness of quasi-p.s.h. functions and other classical
tools from complex geometry allow to obtain the above results.
Consider now the case of analytic sets V of arbitrary dimension. The theory of super-
potentials described in Section 3 substitutes the use of quasi-p.s.h. functions. In partic-
ular, we use Theorem 3.3 instead of Theorem 3.2. We however need to overcome more
technical difficulties than in the hypersurfaces case.
Let Hd denote the family of all holomorphic self-maps of P
k such that the first dy-
namical degree is d > 1. This can be identified to a Zariski open subset of a projective
space. The following result was obtained by the authors in [32], see also Ahn [1] for
some extension.
Theorem 6.5 (Dinh-Sibony). There is an explicit dense Zariski open subset H ′d of Hd such
that for every f in H ′d and every analytic subset V of pure codimension p of P
k we have
lim
n→∞
1
dp deg(V )
(fn)∗[V ] = T p,
EQUIDISTRIBUTION PROBLEMS OF COMPLEX DYNAMICS IN HIGHER DIMENSION 21
where T p is the p-th power of the dynamical Green (1, 1)-current of f . Moreover, the conver-
gence is exponentially fast and uniform on V .
In the case of He´non-type maps, the critical values of fn are easier to understand and
we obtain in the same way a stronger property. Let f be a He´non-type automorphism of
Ck as in Theorem 5.8. Recall that I(f−1) is attractive for f . Let U (f) denote the basin
of I(f−1) which is an open neighbourhood of I(f−1) in Pk. The set K (f) := Ck \ U (f)
is the set of all points z ∈ Ck whose positive orbits by f are bounded in Ck. It is also
known that the closure K (f) of K (f) in Pk is the union of K (f) with I(f). Recall
that dim I(f) = k − p− 1 and dim I(f−1) = p− 1. The following result was obtained by
Fornæss and the second author for the case of dimension 2 in [46] and by the authors
for the general case in [32], see also [4, 44].
Theorem 6.6 (Fornæss-Sibony, Dinh-Sibony). Let V be an analytic subset of pure dimen-
sion k−p and degree deg(V ) in Pk such that V ∩I(f−1) = ∅. Then deg(f)−1dp(f)
−n(fn)∗[V ]
converges exponentially fast to a positive closed (p, p)-current T (f). Moreover, T (f) is the
unique positive closed (p, p)-current of mass 1 with support in K (f).
In the case of dimension 2, the last statement also holds if we replace positive closed
currents by positive ddc-closed currents, see [38]. Note that we can also apply the the-
orem for f−1. The equilibrium measure µ considered in Theorem 5.8 can be obtained
as the intersection of T (f) and T (f−1). In general, the map F = (f, f−1) on Ck × Ck is
not a He´non-type map but its dynamics can be studied in a similar way. A version of the
last theorem for F is a crucial point in the proof of Theorem 5.8 following the general
strategy described in the introduction. In particular, the sequence of currents dp(f)
−n[Γn]
converges to the current T (f) ⊗ T (f−1). The intersection of the last current with the
diagonal of Pk × Pk can be identified with the measure µ.
Note that one can obtain similar properties for holomorphic automorphisms of a com-
pact Ka¨hler manifold, see [9, 35, 38] for details.
7. OPEN PROBLEMS RELATED TO EQUIDISTRIBUTION
In previous sections, we already mentioned several general open problems. We will
give in this section some other concrete questions which require new ideas or important
technical tools. In order to keep the presentation simple, some problems are stated for
particular families of maps but the reader can easily generalize them to other maps and
correspondences or their restrictions to certain open subsets, e.g. to the basin of an
attracting set, see [18, 73].
Problem 6. Let f be a holomorphic automorphism of positive entropy on a compact Ka¨hler
surface or more generally a holomorphic automorphism of positive entropy on a compact
Ka¨hler manifold with a simple action on cohomology. Show that its periodic points are
equidistributed with respect to an invariant probability measure.
We have seen in Theorem 5.6 that this property holds when X is a projective surface.
Likely, the techniques in the proof of Theorem 5.8 allow to solve the problem when X
is a projective manifold. However, the general case of Ka¨hler manifolds requires a new
technical idea whose interest may be greater than the solution of the last question, see
e.g. the next problem.
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Consider a holomorphic endomorphism f of Pk with the first dynamical degree d > 1.
Let Qn denote the set of periodic points of period n of f counted with multiplicity. Note
that in this case, all the periodic points of period n are isolated and we have #Qn =
dkn +O(d(k−1)n).
Problem 7. Study the rate of the following convergence
lim
n→∞
1
dn
∑
a∈Qn
δa = µ
given in Theorem 5.5.
The same ideas used in the proof of Theorem 5.8 can be applied to get the last conver-
gence property. The situation is even much simpler in this case. Several steps of the proof
are already quantitative but at the end, we use some non-quantitative arguments from
complex geometry. One should improve the techniques in order to get a quantitative
result. This part may be related to Problem 6.
Recall that T p is the dynamical Green (p, p)-current of f , see Theorem 6.5. Its support
is called the Julia set of order p of f . De The´lin and the first author proved that the
topological entropy of f on any compact subset disjoint from supp(T p) is at most equal
to (p− 1) log d, see [14, 18]. The following question is directly related to the last one.
Problem 8. Let K be a compact set which is disjoint from supp(T p). Do we always have
lim sup
n→∞
1
n
log#(Qn ∩K) ≤ (p− 1) log d.
Note that Fornæss and the second author showed that one may have an infinite number
of periodic points outside the support of the equilibrium measure µ = T k when k ≥ 2,
see [48]. It is well-known that in dimension k = 1 there are only finitely many of such
points.
The following folklore conjecture has been solved in some particular cases, see Hwang-
Nakayama [56] and the references therein. We believe that the existence of repelling
periodic points can be used to study the problem. Indeed, the existence of repelling
periodic points obtained in Theorem 5.5 implies that X contains infinitely many non-
degenerate holomorphic images of Cn, where dimX = n.
Conjecture 9. Let X be a Fano manifold with Picard number 1. Assume that X admits a
non-invertible holomorphic endomorphism. Then X should be a projective space.
Concerning the equidistribution property in Theorem 6.5, the following conjecture was
stated in [31]. It is open for 2 ≤ p ≤ k − 1.
Conjecture 10. Let V be an irreducible analytic subset of dimension k − p of Pk. Assume
that V is generic in the sense that V ∩ E = ∅ or codimV ∩ E = p + codimE for any
irreducible component E of every totally invariant analytic subset of Pk. Then
lim
n→∞
d−pn(fn)∗[V ] = T p.
We can also investigate the rate of the last convergence. Note that the authors proved
that there are only finitely many of analytic subsets E of Pk which are totally invariant,
i.e. f−1(E) = f(E) = E, see e.g. [34]. In comparison with the known case of hyper-
surface with p = 1, super-potentials can replace quasi-p.s.h. functions. However, we
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still need to extend some arguments from classical complex geometry (e.g. Lojasiewicz’s
inequality) to the space of positive closed currents which is of infinite dimension.
Note that we can extend the conjecture to the case of He´non-type maps by considering
totally invariant sets for the restriction of the map to the indeterminacy set of its inverse.
Properties of totally invariant analytic subsets of Pk may be useful for the last question.
The following problem is still open in dimension k ≥ 3. For the case of dimension 2, see
[10, 45] and also [2, 82].
Problem 11. Let E be an analytic subset of Pk which is totally invariant by f . Is E always
a union of linear analytic subspaces of Pk ? Find an upper bound for the degree of E (or
for #E when E is finite) which depends only on k. Note that we don’t assume that E is
irreducible.
Wewill end this section with the particular case of He´non-type maps. Let f be a He´non-
type map as in Theorem 5.8. Theorem 6.6 shows that K (f) satisfies a very strong rigidity
property. For p = k − 1, i.e. dim I(f) = 0, we know that there are holomorphic entire
maps with values in K (f). Using Nevanlinna’s theory, one can produce positive closed
current of bidimension (1, 1) with support in K (f). By Theorem 6.6, this current is
proportional to the dynamical Green (k−1, k−1)-current of f whose support is contained
the boundary of K (f). This support is exactly the boundary of K (f) when k = 2 and
p = 1. In the following problem, the first question is open for p < k−1, i.e. dim I(f) > 0,
and the second one is open for p > 1.
Problem 12. Let τ : Ck−p → K (f) be a non-degenerate holomorphic map. Does the closure
of τ(Ck−p) contain the support of the dynamical Green (k − p, k − p)-current of f ? Is the
support of this current equal to the boundary of K (f) ?
Nevanlinna’s theory is well developed for holomorphic maps on C but the theory
doesn’t seem to work for general holomorphic maps on Ck−p. Some aspects can be
extended to higher dimension under conditions which are difficult to check. The last
problem may lead to a setting where one can develop the theory with applications.
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